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Constrained MLS- EFG (CMLS-EFG):

« Theamisto design a MLS shape function procedure that
possesses the Kronecker delta function property only for the
nodes on the essential boundaries.

* Proposed by Liu/Yang in 1999.

« The CMLS enforcesthe MLS approximation to pass through
some desired values of the field variables at nodes at which the
essential boundary condition is given.



CMLS-EFG:

o Let y(x)beafunction with nodal values Us

Us={ty U, - Uy}

e Thefunction is approximated at point x using /77terms of
monomials:

(9= Y. P, (¥, () = P (9a()

* Now, assume the approximation function ¢/(x)is required to be
equal to the nodal values at & constrained nodes: (k<n,k<m)

— — — T
U, = {Ul U, - Uk}
e And the remaining un-constrained nodes.

Um:{uk+1 Uo un}T



CMLS-EFG:

* Thefunction ¢/(x) can then be approximated by:
1"(x) = pT (Xax) = {pl (¥ pL(x)}{Z:}

P () ={p(¥) PY - P(X;
p-rl;m(x) _ {pk+1(x) pk+2(x) [ pm(x)}

T

a,(X)=1a a - a}
am(X):{ak+1 a'k+2 a'm}T

* The constraint equations can be expressed as.

U, =fu"0) u'(x,) - ()]




CMLS-EFG:

 The constraint equations can finally be expressed as:
U, =Ra, + Pa,
mE)] [R® P& PR

P — pg()_(z) _ pl()_(Z) pz()_(z) pk()_(z)
(%) | LX) PR PR
ol | [P Pea(®) o pa(X)

P — p;()_(z) - pk+1()—(2) pk+2()—(2) pm()_(z)

_p-rl;l()_(k)_ _pk+1()—(k) pk+2()_(k) pm()_(k)_



CMLS-EFG:

» Thek coefficients of g, can be expressed in terms of the rest of
the coefficients:

a, =Cu, -C,a,
C,=R" C,=R"P,

» Thevector of coefficients a,,1s determined by the conventional
MLS method over the free (unconstrained) nodes (/- nodes).

» At each free point x corresponding to ¢, a,, coefficients are
chosen to minimize the weighted |east square residual:

2

M= > W(x-x)[p" (x)a()-u,

| =k+1



CMLS-EFG:

 Minimization of [T with respect to coefficients am resultsin:
A(X)a, + A (X)a, = B(X)uy,
AG)= 2 W (9P, (%) Pl (%)

| =k+1

A= 3 W ()P, (%) PL(x )

| =k+1

B(X) = ML) P (%) Wo(X) Pr(%) -+ W (%) Pra(Xo)]

W, (X) =W (x-,)



CMLS-EFG:

e Combining:

a, =Cu, -C,a,

A(X)a, + A (X)a, = B(x)u,

e Resultsin:

a, =Eu +Eu_

a. =Du,+D,u_
D, =(AC, - A)"AC,
D,=—(AC,-A) B
E =C,-C,D,

Ez F _Cz D1



CMLS-EFG:

 The coefficient vector a can then be determined:
E | E, | E.|(u
a:{ab}: Eiub+ 2y = E, z{b}
a'm _Dl_ _DZ_ _Dl D2_
« And the corresponding approximated ¢/(x) becomes:

u"(x) = p’ (Ma(x) = p! p;l{ab}
a,

E, E]fu,
Dl D2 um

T 2

S




CMLS-EFG:

e« CMLS shape functions:
u"(x) = p (x)a(x) =|p} p;]{::}[p; r

o m

u"(9 = P (a9 = o c»mJ{jb}ﬂus

¢ = P, B, + PrD;
O = ptT> E, + p;Dz
o Derivatives of CMLS shape functions:;

B = PoxEr+ P Eiy + Pk Dy + PnDiy

¢m,x — ptT>,xE2 T pg Ez,x T p-rL,xDZ + p;DZ,x




CMLS-EFG:

The CMLS-EFG Gaerkin weak formulation isssmilar to FEM:
j ocT o dQ — j Su"bdQ — j SuTtdr =0
Q Q I

Results in the discrete set of equations:

KU =F
N

K=K, K;=[ BCB,d
,J=1

F=(f,  f =] ®bda+[ didr
| =1 ;
. s L f

o =% ° B, = ¢6X O

| O ¢| | ¢I,y

B g _¢I,y ¢I,x_




CMLS-EFG:

1.

The requirement for the order of the monomialsin the basis
used in CMLS is higher than that of MLS, because some of the
coefficeints are determined by nodal constraints.

In general, the greater the number of constrained points
Included in the support domain, the greater the number of terns
of basis monomials of higher orders should be used.

The number of the polynomial coefficients determined by the
nodal enforcement and the number by ML S should be balanced.
For example, for a polynomial with six coefficients, it is best
that three of the coefficients be determined by nodal
enforcement and the rest by MLS.

For 2D problems, the appropriate basis function should be
polynomials of order 2 or 3.



CMLS-EFG:

S.

Including more free nodes can help to reduce the chance of
producing singular moment matrices in the process of
computing CML S shape functions. One drawback is the
Increased possibility of having a singular moment matrix P
because fewer free nodes are used.

The stiffness matrix K is banded and symmetric.

Ensuring accurate numerical integration when using CMLS s
also more difficult compared with CML S because the order of
the CMLS shape functions is usually higher.

In limit, the method is somewhat similar to that using PIM
shape functions.



CMLS-EFG:

9. The Gauss quadrature will not be able to produce exact results
for this integration, because it is designed for integrating
polynomial functions.

10. The quadrature error may increase when it is applied to
complex integrands, especially fractional functionswhich in
general can not be represented exactly by polynomial functions.

11. CMLS approximation is incompatible.
12. CPU time comparison:
EFG naty <EFGcpm s<EFG

Dt) (23J1) [dO1)

Lagrange






